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Bl PREFACE

Lancar aboeboa s fn oo ol couess Foc o divesse b of stodests Toean Jeast
lewir roasons. Ficsk Juow subjects can claim w o sech weidesproad applicalions
in vther areas of machemetics muliivariable calocies, didterenizal cooaizens, and
prohibility, for exampie us el de in physics, hicleey, chemisdrg, soananmics, &
nunce, prevcholops, soiodegy, and ol Gelds of epgineeing  Second. the subject
presenls e sbedend ab U soplumsre evcl with an cacellonl ppoaiumily L cam
lowe o Dsinadler abslnodt cotiepra,

Tz Lok prcebdes an ot od vasion o U Degie iheis sl compacational ae-
wegquics o Digcar algebry at o sopdoomons level. 10 alseomctodes a wode vanicty
o varelully selected applrcations, These mihale Kipets of contoizperury inleresl,
scuch as Google™and Global Pesitioning Svstent (OF31 The beok alse intraduces
tie stnibenl oworkmy with absinac) concepes. In covering the basic ileas ol neir
ulgehnn, the nhsmrack icdews ime comefuliy holinced by comsidenuble eraphasi< on ihe
peamesrical and computarionnl nspects af ihe sohjec. Thic edinan cantiras ia
provide he eolal apporiamity ke use $aTLa® "™ o vther sulivare o enhancy
e pedzpingy of e book

What's New in the Ninth Edifion

W s been very pcecd by e wide acceptans: of B Brar elght edosons of
s ookl Olucog it toe 38 vesrs of e Life, o Jecpanidg g odidion, w3 Dnvd
carclully comsideood ey sepeesizons oo facully aod siodents Do iopossing
Lo voaibes ad presentadiog ol Be malerd. We hove bocn cspovially gralfiid by
hearing frieen the mueligenerationz] wsens who ssed this boek a5 siedends and are
oy vaLg ol as Feealny weener s AdEnugh d seesl nany changes lave been wads
Lo chovaslop This qag o sevizion. oler obgeclive D wmaiood the e as in e st
cight editions:, a0 progswd e basic ideas of desor alecbra e a0 menesr s the
srncteni W) fEng wreavestardshic. To achiewe this shioctive. the Delloeing fealures
leasis Bgen dhvcloped i Gus cdaent:

® Priscussico gacstiogs bave been addead wethe Chaptor Bovicws nedonal, Maey
ol Neese we waitzble Coe wriling prajocls ar goecp aclivilies.

o D seccton 2.0 Des Do splal iote foo siddeons, 201, Eobedee Foem of o Mo-
fra, aod 2.2, Nelvine Linewr Syrdemy, This will provade impsoved pedaiosy
Crsr cnveering This supsaitat matennl

o (bl Choprer 6, Detenisincong, bos noe become Chapler 5, 1o permirc sadisr
gresrans nf this mastenal,

e Pl Sectiom Gl Spaw ond Sieear Sidepeidenee, has been splil inlo tesn e
tivms, 4.5 Spar, and 4.2, Lkear faependaace, Simee siedanes aften boee
iifliculies with thesve more shetrac! epas, his revision presencs this maleriad
il 2 svmewhal sloweer poee and has mare exammles.
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EXERCISES

® Chapter 8, Anpdicaiens of B peniatees deed Tipemectors, is neor o rhiz aditiom
inrhis fren Trepisisss af obd ssetions 73 Torhmngh 74, marerinl from ald
st % on the ronanssion of seamens innges, aod ald seericns 51 and
il

# Adive peometric mererial illizsmaring the discnsssans of dizganzlizarion afsym-
pnetre inadnices ood siogelon vabae decontpraitaes,

* Neelne LT, Dovepater Giephice, Bag boen expareled.

& D appdicatsiis e beon added.  Theae meleds serwecks S0 chamidal

L Bane e eigeialana

= The exposition has been scparclel inomimy ploces o tmprove the pedagagn:
e e sxplomotioms have hesn wliled woosharw the imporuimce af ceriiin
ranheris] ared resalrs,

= Acgimplified dscezicn sty v linear 2leehn is sl in plabal pesinen
ing sesteras JOPS) fne hesn added

= Pdome mmacerial an recarrence selalions kas been added.

& Bdore vanied exdinples ol eeton spioos Bines bocn inlooduoal.

w Pl mueerial dizcocsing che fonr fundomerenl snbepaces of mear abpehr
leave Breen addied,

& Do gooun ey s becn acdad

# fulooe fiznees have Been added

* Mdivme exercises ol all levels have heen added.

= [wernciues imvislving real wordd S have Been opilabed 1w include mome necent
A LHIE S

* Divme BMaTLaAE cxircses have boeo addad.

The eaercises Burm -an imlegrad part of the st Many of them are numeriel] in
narnre: whersm prhers ome of 2 cheomericol rype. Mew B this edifion one Thscons-
sies Faercises ot the end af ench of the Frar seven chapiers, whick can be nsed for
wrTling njn_*ﬁ-':h-; e pred i activities, Moy theoretical ol discissinn exerciam, an
well s garne poinsical aies, call for a verbal selnteein G this echnolegionl ape,
10 §5 capraliliv Aonpornant i alale i wree witl cae A precigion. cicieizs ol
Lo Cyped shoonld Jilp o sharpo thas skifl Thas odivion ontades ahoost 2060 o
mxircives, Commetsr everzises, clearky irdicors) by 0 apecizl cembnd ¥ oreaf
Fwen rypess: in dhes st eighe choprees thers ore ssercises allvaing foediscovery ond
sxpdirariom thid doonee s.[h:riﬁ.' any parmicilar sofware ro ke ased for thear sali-
l;an Ulhupser 10 there are 140 eveteises lesymed b be salvad usmy MATLAR.
Tar pxremit che instnocrional copabilitiss of AT AR we hove developed o set of
pedapesicnl mansicess, colled soripes or Mefilss, 1o ilbnsirnte cimzeprs, smeamline
siepebos-arep 3r--'|1|'-'||r.;;rim1:| pevessdires, anc demsmnsrme GG as e o -
i wsang, graghecal digplavs. W deel thor Marean aod oy metracnesal M-dles
prnvide an appesunite for o warking pamnendip heeween the aadeat ind the oam-
paer tanl in oy aavs Freenses sibantians that will recur ance oosondent jains fhe
technnleoical warkfroce. The exensses o this chapeer are keved oo inpics tarher
i ferdieactial sections af e weEl Shea deseiptivg heaciezs and pefeosicss
MLAT AR anirirE s an Oz ples Sanppedy ontneniare alvann the 2008 ol suiresers




PRESENTATICN

MATERIAL COVERED

Prefece  xdit

Thes snswers ma ol odd-nirmbered suercises oppesce in the hock of the ok, A0 Tn-
ctrcinT's Snhatlons Mananl (ISR 1522200550 L canraining answers inoall
syan-rinbered sercises and selutions wonll tearetical exerclee is eaitalbls 1o
COELT O ROi s aniy ) feen t puldizher

W Nt Beaind Lo e pecnts thal & e gophingccs level abstact ideas st
b Anreenioeesd guaire produally arel mnst b hosed on Brm faodaliims,. This, we
Pemin the sty oF linese alpebrs with the rramiment af armees e wesne areags of
winber s thar arees pacadly o the saluiaie af svaizmns of Illh‘;elr-:r-ql.ialiil’.m.‘-. [INHERE
lem alveadhy furdfior oo the sixlepr, Michonenion bas been ezl foom oos
sriticn i rhe next inorefming acd irmpraving the pedazagionl nepzats an the exai-
ticen The abatvacr idens gre carefnlly kalaresd by the sansicksralile sinphesis anthe
pemiasical avd sanpitmicnal sapeci of e saben, Appeiadis L, foieainiione
fiee Froaods Sl D wsd 10 e e STGcn @ QuucE ionrad ol 1o the [endiians ol
prodds ik estlemativs. Ao capaded weraion of Lis nukonal sppears e Chapla O
el the Sludonl Soluliees Manual.

In using this ko, for o ooegquarter lingar alyebr course mesiing lour Liees 5
wenh, noditflzaley laa ke eneminteied an crvering sigemealies and sigsmee o,
prnsiring ke apeionnl miterial. ¥orying che nrooni of rire spnenr anthe theangical
minterial can readily change rhe level nnd pocs of e conrse, Thos, che hook can
b sl ton ek £ nneber af dffeent types of sourses,

Ulapater 1 deals will igoiccs and theiz purpoileca, I Rles chageen we Ais0
provide am caly ntlredoadion W malis adsiovasivong axd an application of e
din presduct b sladistics Bletbads Dor solvieg Sysiznes ol lnear squations ard dis-
cussed in Chapler 2. Chagder 3 intnoduces e Basic properlaes of delecmizenls
and senmez el thetr applicativms, In Chagpeler 4, we cone 0o moee shsras nelion,
ral veetor smaess. Hers acz laq some of the many geametric idzas thar arise n
uradly, Thos we moos el an w-diieasiossd, real veclor spoce i isoowephic Lo
#0, thie veert apace o all onderad e=tiples of peal nuniners of the yeeon apacs
of all ¢ %1 inmaces @il ocal colnics. Sines 8 i@ bt a slight gensaloesiion of
B 8, owo- and Cuoc-dioensional spaee are dissusied an e bepining of
10 chapler 1Eis hoaes than thoe notion of & finivedimensional. eal seelor spacs
i5 ol s ponole dso il may D scemed when il imnedoced. Chageler 5 coy-
erx inner praduct spaces aml has o soreae peemeiic aienlaion, Chapter & deals
willh meerices iml limear ransformarions; Bere we consdider the dirmensiim (hen
reems anel nlse opplications snrhe solotim of syaems af linear pountézes, Chapter
T considers eipenvaluzs and eigenvectars, 1o this chapter we completsly solve the
tagvnalization prablem for symmelric mairices. Chapler B jopional ] presenis
in anrrnbaeian i seme applications al sizmihees anit sirenvectors, Secrinn 8.3,
traminaet BErpenvaivs and Principad Capenend Analvais, Dighlighls s vy
uselul resulis in diovar algebnn Iis pessible leogo from Section 7.2 direelly 1w
Seclion 5.4, iferenne! Sguationr. showing how linewr aleebr o osed o salve
lEfererdial mipantions, Seciion B3, Donaeecn Fees gives an applizmian al lin
sor alpebrz o an impenies cred ol racdsrn opplied mibemetics. Tnthis chapter ws
alan diseiss renl quedraric Tomms, conte seetioms, and ouadric serfaces. Chapter
B an B e e praseles an intrasdoeriom o 8 aan. Chapter
[0, MATL AR Fvercises, comastisnd 127 exercisss thad one designed v be soloed




wiy  Prafoce

MAaTLAE SOFTWARE

STUDENT SOLUTIOMS
MAMNUAL

ACKMNOWLEDGMEMTS

nsing Mo an, Appemdis A reviews wame very hosio mnterial deslmg with st
nncl fimehras, Tr can he corsitliend ar any dimne ns nesded  Appemadic T an ooin-
e wainbers, intoduces fna Bt bun areapd mavaer conplax poimkers one
Fngenr we b Lopean aloeloa, Appendin O peovides 3 boed igoeduetied Wopeacrs
[HTESTIHI S

The inszructicmnl M-fles rhar hove been develoasd o he nsed for salvine the ex-
srcises in his Bank, 0 pamicnlor thrse i Chapder %, ace sesilabde an de folloae-
ing webaie: wearw prenhalLeomskediam, Thess M-nle aee deaizied 10 wansbag
miany oof Marras®s capahililies imo coemseware,  Alshoogh the compatiranal
sxercises cnn he salved nging o nombker of sofiranrs packages, in oor judz nem
artan s the mas anable pecinpe dor o porpeas, BMai o s versadibe
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U Llms s dears by poeviding podacags’ that allows the sideol 10 b wiils
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ol & preblem aed relegating MATLAE ol ada powerlul caleulator o rolicee L
Urslgery al ledicas cempelation, mdieed, thas b idesl rede for MaTL AR {aruny
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trean cnanad dheres, e ledanm Gl lemegthg convgmrations niakos o almarer impsesalzke
to anlve 2 peodesr-sars prelsdem, Thiss, by deredosiing pednpesy amd veiniig in
th povwr of MarLam, ez M-nle preside o working paanecaig betscsl D
stuckent ol e computer Bloccoeass, Hie il eduelan fod peewcr il teal s as
MATLAE canly io e shodent’s sollege carcir opens e way Tor atho soltwans:
supporl e highee-level courses, especially in seiepor wmd engineering.

MaATLAR incorponiles prifiesionally doveloned gualizy compuer mootines for
lmear algebra compulaion. The cixde emplivsd by 3ATLAR i5 wrillen in the ©
langnmee und is epgmoled as new versions of MaTLAR are mleased. MaTian
iz mezilakle froea The Mok Wieks Tne, 5 Apple BRI Trive, Noick, MA GITEND,
eormzils infodfmathwarke com, [S505-5947- T, The Stodenl versivn ws available
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kol mumezieal ared vheorizesl.
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Bl TO THE STUDENT

This sduass ey be unbike oy oher abesaics oo 50 son bave atidicd
s Jar im e Jeast fwi imporlonl waes, First, i0 may b oyour ioitial msodos oo
Lo abstracticn, Secead. il is o mathemaslics coorse thal meye well e the presest
impat om e wacalien.

Unlike uther matbemiatios covmses. thas courss will oo give wou g walkil of
edaled cumpalatiomal wwohyues ko sesving corladd Ivpes ol problomes, s,
s il devedopea cone at iwatenal Salled loneai plpebra by eead Geng g senac Jef-
imiticens and Ccoeating pevceianes Iof Jelssimanend propeiis ackd prdtein® s,
U'rening @ oo is & skl thar Takes L s onasl o, S s wikl dovslop o skzll
al praving nEdthemabieal rosudls vory carclully, W intoducs veg o abstreclion
shewely and amply ilbasmate cack absimel idea wih conerele ramerical exaezples
und applications. - Although you will be deing o d of compuations, the gaal in
misl prohlems s mol memely fo el che "right™ ansswer, fnk e orlerszomd ard He
nble mxpinircheee e the ansarer ond then inlerpeet the resnli.

Lanear dyebra is used in the evesvilay woeelid b sedee probioms in alher aneus
i muthemimtics, physics. hiology, chemising enpineering, sttislics. ecimomics, |
niree, payvehalops, ard socitfagy. Appliciniomes chid ase fnear alpeba Inclmle the
rrarsmissian of informativs, the developmenr of speaial effecrs in flm ored viden,
recarding of seemid. Wek weorch engines e Internel, plobed postlionmyg syslem
(GFS amib eeoncimic imalesas Thizs, won simeosee bowe profoncedly Tineor af gehra
affeces pon. A selectes number of apnlicotiang o incledad in this bank, amib a0
there s erangh rime, sermz of these moy ke coverad inovanr conrse. Additiannlly,
iy of the mpplicarioes con he need 25 self-shady projecta, An svitessive ler af
nppilicarinns appeass ioehe T isics s

Thaere are fanr differenr iypes of exercises in his boak, Tirs, there 2ra oom-
patationnl exercises, Trese axercises amd the anmbers orheem have been coratully
choeen s thar aloarst al? of therm enn readily b done by lomd When oo nss
D o geben v venl appdicanions, yon @il B el she pralbass ars ol higgaer
b 2w i Ehe nsunbers et eeeur o e aie non akwiogs “aice,” s 15 nes o
rrohiem hecause wan af 1l aleaest certainly nss peaerfinleaffware ta salve them. &
taste of this fype of snfware iz provided ba the chind epe of sxeicises, Thess nrs
exereises designed g e sedved byoosiog & compunes and b areas™ g posertil
(i ce-based pppelicaniod Dt e owedely weeg ooy, T second epe of o8-
sroines are shermetlcal, Same of PREce maw ek Sl s s O resilr of dacise an
idden. The faurth repe of sxerises s disonssion svencises, which can he pssd as
poowp prodests Do ieadny s wesld, e is par ancaph m b able COMPRnG an nneacs,
o abtew lawe 0 propms o ceport dizcnssiog vavd selution, paidviog the Sueps
von selatien, and nEe st veur wEudis, Thess s of cacieses will pivie vol
Capericnce inowriting wathediees,. Mallanmiics s wonds, ned just svigbols,

xvii
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To the Baadent

How to Succeed in Lineor Algebra
o Bod dbwe boak siewls weam poned ad pape gl hagd, Yoo gt e o el

# panlacular seclen moad Wan e Tako e b b scnily dhe stops naackesd
“verzlv™ in e Lesl

fdake suce e ode vom Beoework caa igels bages. LD pon et valil the posa-
Lansd e Saplaioed o class, vou will miss ke oo o solae & poooloan By
woursell Even i sou can'l complele 2 probdom, Iy il anvwsy, socthat when
i e il dure inocliss you will uedersiaml it meore 2xsily. You might fncd
i Selplul ek witln ol sideas cadee sueria] coverad o class ool o
woume homesacark pobldsms,

Mfaike sure thet yan ask for helpsd soenonz samerhing iz e clsir e v, Tach
nbeiraciden in Ahis coarse is hosed an previnnely deselaped ideas—much liks
Leavinp o foesdntiees ard rher fieliing o bonss 16 o of rhe adess 2re Foray n
wend if Pk, yedr knesledze of the cousse will nes e siandy ecouzh o
WO 10 pensp Araedng, ks,

Bfnke use of the pedasagical toabs previded i rhiis heak a1 1he end of sach
st o i e frss exphn chaprers, we biave a Darof ey fenns, &7 ihe end of cach
EFehe misraevan chapErae we ave o chingian recaa anpaleneiilary snersices,n
chapter gz omdl discissinn svercizes. Ansvweers i the nokd-nomhersd ciepa-
tatiomal exereses appesis ab the sl of the book Thie Stodent Snlurinns Yol
proveicles detailzd soleiioms oadl e numbened exercises, th nomerical and
theeetical. Tt can ke purchaszl e the publisher (ISRRN O 322083550,

We asanre yoo the wost sffarts o learn licear alpehes well anll be-amqaly

reennded i arher aomsss and inowonr peefessional caresi

WAl o ek success o voun aiady o e algeloa

Elosedt P
Gl T Wit




CHAPTEHR

Linear Equations
and Matrices

m Svstems of Linear Equations

Cime oof the st freguintly recurring practical proklems in many liekls of siody
sueh 25 mathernabice, Fh:.":.-'.;.'s.-hin-'lug':.', chemisry, peenarnics, all phases of rman
neering, |'|]1EI'I:I|i'i.In;l_G'!'H-E'|-I.I'|:|'l. aral the: socinl scismies—is thil of sslving n sysaem
eof Timeair eiquarioms, The squstian

Ay bty oo gt = Iy

viich expresses the real I;i:I"I.'_I.:m'I.I:“_Hﬁ. uamtity B iz lenmy of the ankmvens vy, 12,
woewit i the real or comples comblings g, @ .., B called o linewr eipuas
Ciind. Do ooty applicalionns g ey piven B-and ost nd combeees oo, Lo
satislyiog (1.

Ao sidutivn ta lmeer Cyustion (15 5 o sequence of & numhers o5, L5,
whiich his thee prapemy that (03 s nlisfiod when £, — f, % = @, ..., K, = 7, Hrs
subsiitwied in (2. Thd ay =2 4y = j, and 5y = =i i5 3 sololEen o s Lucar
sl

Exi — g+ dri = =13,
becinne
TR 6 VR S )

Mo penenably. o system of an limeier eylions in ® tl:l_@m'run'n. C, [
e limear system, g st ol m linenr spanions each im o umkewns, A loear

Aoe Aopedin AorEaes s ey Ieede sodecial Seding w2l scs ued Tencliion I gon b
suwzendnal Al oy e, s neednl
1




2

Chagtar 1

Lirear Eguaticns and Maices

suehe o coinenientie be wrinen a5

WE = ke e i, = |5:-|
T o iy oo A, =
R
L=
g1 — Shands o b g i =
Thius the 115 gyuslian ix
iy b fiass = ok iy = B,
In 20 1k vy e knevan constanee. Criven values af iy, G, by wewnnt e fimd
wabaes af L ds ay s wald sarisby ench equatsan in (24,

A solofbon 1o lnear sysnem (4 06 @ seguenss of o smnbecs sy,owe . s
v Imel Eras W poopenty tar cech squalion o (27 13 salsfied whewa, =5, 40 = 250
K = T subs Lt

0 the lonear sysieos 020 has o sodotio, il said b be icopsislent; il e
o salutieds, 0 A called eomalstent E ey = by = -0 = 0, = 8 then 208
salied o honkpEene s SFSeim. S0 fhal 4 = no o= - = 1, = 1w alwiaye
nosplnriom toed homapenecas sysrem; ieosocnllsd the oriviol spditinn. & <oliinn
o n homaperssana sysnem in which sor all of o o, o Aha e were s ealed 0
moifrivial solution

Ceizdir o sysieun ol w Hea egaalioss i nouikiawis:

Cid) — ok — ===+ Cplpg = -!I'|
Eaid )+t — o= e =4k

LA
Criis Ot I BTy =i

W sy 1Bl (2 Fand 137 are eiquivalent i they kath ove exoctly the sxne salulicng:

The lincar systen:

has el (b sedution v — 2 amd v+ = 50 The lineur svstem

-5.-'.| -_ .:U:: =
3oy — 2z = b 5
Iy — 2z = 14

nlzn hasnnly the saluean v, = 2and o =1 Thia dy and (39 are spovnlers: B

T Lmd o solution e lingar system, we szall use a leclmigue called e
medbisl of ebminaliom, a1 we chminale some variables by addme 5 muliple
il e pgpuaztion toanather equation. Elimimtion nenely amssmls o the develon
meent of o new linenr sysiem thal is mpaivalent by the an ginal sysiem, kot 3 much
shinipieg e solve. Beaders have probably condioed teeic carlicr work tn thes ares b




1.1 Systems of Uneor Eouations 3

lnear systems imowhich me = e, that'is, lies sedems kaving as muome edqiintions
nembnrssns T this onigrse wie shall baanden aor sethaed by denling wich aysrems
il v e e = o e and v = o, Tndegd, chiece ars nunsrous pplicn-
e Licwlneliwe 2= 0, B e dhenl vl 1o, Bas, o fony wnkoows, v aliall olies
el e as o, v, e, and wo Lo Hug aeelen we e 1w meerhod of elionanatied as it
veis studicd io Jeels scboal In Sectica 2.2 we shall ook 21 0hes e b much
IR SYEIE RIS TOEANE

1B dureesor ol g st Deod B ST 3 vt T roles o the trass st
1ruinl beat® s amTificsilic s rl‘la.v:m«il SO amal o lonz-bzrm bl mosd bae sl The:
davestor’s poad =t lues the trsn viesd SO0 an i aeeestisents fon the yea
B DL clyosn comums 305 pan anineun, o] e bockd 5. TE dinesien Jotonmins
Lot antouzl & b deeacal oo M O cnd Lo steend v oeves! i e bead as Tolows:
Smey e lolal snvestmenl s ST00UEE, we amosl Dave o =4 v = 140,000, Sinee
Ihe desinad relum is SR, we pbilain the coualion 005 — DRy = YRR Thus,
we have e linear sysem

LD LK
LR

3+ i
h5x 4+ Dy

ey

T edicniziate s owee add (=005 e Wi Geed cgleation Lo e sesud, chlinily
N0y — 20

nn eqiation hoving oo e We hoee slimenated the naknown o Then salving
Fror v . wee Do
o= JLAMEL

ard subsliluting ento the Jirst ogquation ol [ e obiain
o A 00

Ta check that « = 300EE ¢ = A0 = a salurica oo it we venty tnt hess
wales oF 4 and v satEly ol OF s cquatiend (L the given Lidean avelini. s
walitiom s Fre amly saloriom o (63 the svsiem (s consissent. The dirscdor of ths
retar shanld inwest S50 in b O3 ard 500000 n 1he loap-resm hored. [ ]

Cosaiden M g sy s
i)

Apain, wo decsde o clmioale . Wo sdd (=21 o the fest equalion b Hie
Szl o chdainiog

U=2E,
which murkss e senss Thiv mesans dhar 07 has me sehidom: it is inconsisiend, We
zraalit have come e the some comclasion ran rheerving thas in (73 the el side of
e seanicd quanion 1= neiee the 126 sids of fhe e enantaas, ko che el side of
lae secomil scquaiom i and owice the bl sice of the Brer soparion. |
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Lirear Eguadicns and Mafices

m Crsicler faz linenr sychem

g4I dz= 5
= 4Ig= 12 A
kY

i e

Ta aliminare v, we whi - 21 dres e Aess equaton iorhe secorel ane ond - 3
e the frst equniae e the thicd one, nhn;_uliu!_[

—Tp— Hg= 2

—5y— Wi =—20,

4

(=

This es g svarem of reoeguations i the anknoems o oamd 0 W muliiply fe et
eguiation of (% by [— 00, vielng
-Ty =i =2
r+ldr=d,
weiniel we S by iseechinnadils Seuaions, as

yoA2r—4

—Tp—dr=12 L

We e elimimare y i [ 100 byoabding T iimes the el ecpailion b the secemd ine,
ia hinin

10z = 3l
o
p=1 il
Snhsntituizng chis value of 2 ma the fimd egomion ed 1000, we fnd dthar vy = — 1.

Then subainafing these values 07 woancd 2 imia e irst eguaian af 08}, we fnd thar
vo= L W pheerve Parther thint e eliminman precedors o pehially prodincersd
the |inear syssem

x+Iy+3r=n
¥ i e (124
=

chlangd by LIEATI IS Ll [# ."-.'||.|.$.‘.il.'l.ll.3 of Ceaasd P as well e f11 0 The J ] B ELBHH s
ol this puocedins o e, albeael te lear systcms (81 and 1120 e aquiviZont,
(120 has e sdvanlage tial il 1 casicr o seive. ]

Cerspdin Ui Lincan sysico

at+dv—di=—%

(e
A4 w—dp= 4. .




1.1 Fystemns of Uneor Eguations 5

Fliminonng v, weadd 1 23 fmes rhe first eoquaiin toche seoand enoafion toged
Byt |1 il
Wie st ooy salve (140 A sodution s
vo=g—r.
whene 7 can bz any real number, Then foom the find gyuatan af (25,
x=—=4—=1yv4 5
= —i} = Zlz.— 4] + Az
=z,
TEmis i solutot 1o 1l |II'.I.'-3.I.'3:|-:"=II?I:'I [REIRE
P = | &
2=
¢ o= aay rcal mentbelr,

Ihis raenns thie thie nee syasm (A nzs indimieely many salimons. ety fme
we assien o villue o 2 we ohlain anather salistion w0050 Thins, if 2 — 1, then

B e =10 amlo ]
is u sobuliem, whilc il 7 = =2 then
;=% v=-8 aml ;=-32
1A aioibees 2olukion |

These sxamples sugzzest that a lnear sysicm may have a unsue soluton, o
waltiein. e tnfindle Iy momy siedivivms
Crevsidler reexl a Timear spsteny of eooosqizasions in the unknmans o and )
AN Fmr=a -
! ' ' I [N
a e =,

1o e ol cach ol Hhese cquakicns is @ siradeil Bne, wldch s desote by £ gl
£z, respeclivele, 1o = 51, v = 5 is o sedution w the lGincar svsiem (151 tho e
paiml Ly, £ad Bes i balk Dines £y el £, Conversely 0T the peml (5, 520 lies on
baith Hmess 0 nnd o, rhen & o= &y, ¢ = @y 15 0 snlnriem o e Tnsa sysaem 13
Thing e are led seametricnl Ty ra the same thres passibalites mentened previonsty
Bes Figme |1
Mexl, conside a lcear svaion o thues syt i the ankonesns 5. v, il =
Wik - I'-'| ¥ E= -;.Il
Gk — iy 4 oas = s L
ek — v ogn =
The: praph af =ach. ol mese sqeatioms 1= 0 plime., deman] by Py, Foarel &, e
spoclively, As in tle cese of o fiosr svstions ol Twa Sguatlions i L unkiiens,
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FIGLURE 1.1

FIGURE 1.2

lai) A i scdidline, 180 Bz cdin .

S\

e linear swatern e L16) San bave infinesly mnnsy seludons, o o solimion, ar
i sodunionn Thess sinatoss o dvarracsd o B 12 B g imoe conss
Ulasrration Qb sonsre o T gersannl e vasss, contsicks thal s onloiEesing walks s
19¢ foiliing Tplagea] ol peonl MLEEECL e a univie goanl, i S wl Tl seung,
st Ll lingar svstean has g ansgues solulian, Mest, tlunk ol dhe plaes as pages ol
d heak. Three pages af a boek (beld opens inbepael in oo simaight line, tha spice.
Thus, 1he Timear svstem b infimisely mory soletions. Om e other haeel, when the
bool i vlosed, hree puees ol u book uppear to be porallel 2nd do oo intersecl o
L Linecar syvesend has me salutioa.

tazh Indiveruels gy sl

P

L]
4

L2000 S seluna. bl Infinee b many selimons L M m i,
]
o

B we exumine the method of elimmaticn mene dasely, e End thal it iovalees
tares manipelatanes that can be performed oo o linear ssstem e canvent it @i
an ecquivalen: sysiam. Thase rmanipalatiens ane os folfmes:

1 leterchange e fibcand Fih oguatioas.

2, MulUpEY ar Suaing BY o nonle COLATaLE,

3. Replace the fith equatian b e dimes the §th egquatien plus the fth equitiarn,

i w . Thubis, replace
TR Ty (ol STl R o P P

by

I'|'.l|_.-| g ey — I:lurﬁ o lap e -::-w_.'! o1 ”'I".' =+ i




1.1 Systems of Uneor Eguations 7

Tt is e fiffcalr to prvve thar perfieming thess manipmbasions an o lineor sys-
e leands oo eqieivndene seater, The et exanpls proves this For the secand
e ar manpalaticsn, Bxsrcizes 22 and 25 prove it fon che fest and thind inanipo-
Ltione. |Gy,

Suppesie Gl che §th aquaien of thee Gneer sysbemn 021 2 mualiiplied by the nomeens
comstankb e, prodhecing ihe linear sxslem

i is = fiada = e ey = B
Ay Praxs = o @agi, = b

] [RR
CON) = Dl = e e = U
airiy + ey + o Beary = B,
Ik = &..02 = Fa, oo, Ko = &g @5 i sodubivn w20 hen il is g ssbuba o all e

eipualions o 17 excent possibly b the 2 agquatien. Far the fth equatien we have

Clam T = Ay e i ) = ok

Ly g e v de ptlgte = 00,
Thins thee- 2tk prpaztion of Ji705 alse soisfied. Hemce svery soluriom ox (219 alen
oanibien 1T Ceesersety, svery salimian to 17 nlao snfefies (2] Henos {2
ek 10 s squynlent svaiems [

The following cample gives an applivalen leading Looa s spsiom ol Paag
eyuslioms in Laree unknrans:

1Prtiuctinm Flanndnpgn & nnnefacrrer makes thee differers tepes of chemical
prodductss AL 8 snd 0 Bach prodducs st po theuzgh fwo pracesansg oachines
Xooned ¥ The prartucts regaire the following sirmes in mackines X and V:

1. Cinzwn al A& reuines 2 howers enomnchine X oznd X hrars in mackine 7.

2. Ome pon al 5 regquires 2 hears m machine X el X honrs in machine ¥,

30 Cne pon ol O requines 4 ears in machine O asd 2 hoors i mechine ¥
Michine X G availahle B baurs per wesek, imd machine ¥ i availahle &0 kaors
P vwenh. Since monageryent chies oo wunt o beep che expensive mackines 5 und
Foidle, it woonkd ke ko o sy oo o cach prodect e mebe se ksl tie
mischines aro fully ulalized. 10 i assumed el the musefaciorer can sell 25 much
1 the preducts as s mode.

T gelve ties yl'.:l.'l.'-.uu_ i Jel oy, g, s Ay Gonobs e b ol lops ol
products A, 2. el O respeetively, te b mads, "The nuanber ol hoeaes tal machine
X oaill b used s

Ly = Fxv -+ daeqy,
wiich ot cousl 20 Thas we luse

Qap = Jaa = day = 810,




8 Chaptar 1 Linear Equsficns and Mafices

Sirmtlndy, thes nrmbeer af hoors thar minchins ¥ oot ke gaed is 6800, so0ae hove
Ly =+ Lign =+ Jxq = EN.
flatbeernatically, var prothlem is o ond neonessise walues of o, s, and g so dhat

Zaq 4+ i+ duy =8I

iy + Jay 4+ oy =l

This lineur sysiem hav infinitsly meny solobons. Bellivading the methoel of
Bl 4, weo e Ural all salulions we given by
N —x
i) = =

A - i LTt |

=y il st Sach that e = 55 2 20,
s g ] v a2 0 g sl il o U0When s = LU, el haye

L1 =5 e= |11, Hy =11

11 [
A = T .'.'l=|.". =

vl e = T Tl ek leonld obserys hat one =olalii s just as o s e
el Tiane tsono bes] solulion ualess sddizenal nelomsation or restictions are
(LA 8 |

A woi I poebally alnzady obscrved. thee methed ol clioinaridil ws oo
tesoribad, su s noecreal wormes. Thas wed Bave nob dmbeaied any oedes o seloct-
ing the unkneacns s be aliminated. Before providing o very svslematic descrip
Lin ol Bl il ol elontimation, o mnloieducs: pb Chd nesl ot Ui aoles of
A malds. This will greaily sioopdidy oo eotational eobloms w@d will coalbbs s o
duvikp bools Lo salve many imgatanl pphicd probdems,

KEey Tarms
Livesan Siglativn Clandisienl spshtm Ltz Adilintiven
Sulutiom ol a lisess eopalice Higmerme iy weslicm P parlubiom
Lirear sysiem Trivied suluticn Infmmely many sulubions
Hukigreis Hearnvial seluren Maiiipilidinns on ez systems
I e ol s aidin Egpia-aliail avitsne RLctliad ol clicunaln
DB Exerdises
I Lreverses & mappk 30 medes nolh poren fiweanr oysrees by A+ Ivd o3 & - vy=5
she e i e iR Ayl By Iy =8 L e [
BT —4
b ot e e S DR TR P I R A S s
Ja = =4 =1y = .1 -4 2y 2 . 25 I L=

p

et T g du 1iFr— CE




U Sr+=dp — 1 =4o
fix +H8y —2r=3

| S el —12 Mk &« §j—1
AT+ A= 6 = =45
Jr+dy =2
I 22+ 3y =11 1L i =fp=h
i = Al dp =
Sr == IT Sr + 3y ='1
15 a Ay — -4 14 21 1 Ay — T
bl e e 2y R R 4
i Hpo— =5 BT } — =7

I5. Gilvent the lizeas system

r— 3y =1

i1 Deteemioe o parlivolur viloe o 1 su Gal e sesiem

=5 SRR

¥ Dieacanice aopecticolar weloe o v s fean i spacen

=5 e Rl

el Hew meany dhilForss weilues ol ¢ o B sclecial in

et Y
B Cilwanrre | sysiem
A | dv—x

G AN —

ni DBewsimics anticnls valies 2 e and £ s thi the

ERm o b s sinlend
lxj Delen
HNAI A e

-

ol Whit melatanship betweven the vaboe ol e ooz will

guaranies thal (e sysiem o consient!
17. Givon e lizeas spsiem
L — 2y =11

Ia — b0y =30,

Al Therimmics g licnlar vebon 8 s Ul e spsicm

Las infizdlely mny seluses

Bl Dielermice aopardicolir viloe of 1 su el Be pesdem

has o umdgee seluban

ef Hiw iy JdibTz e salies af ¢ cn be sceisd i

e b)Y

IR, be cvany Bonbagenais lidede sy i alw s, dofdgaee?

Eaplain,

W SRl 1Tes Divads sl

ol S 2w (]

e sonlivala valwes S el £ s i this

2L

2l.

22,

4.

29,

1.1 Fystemns of Uneor Eguations %

Ay Yoerdedinls: =1, w = 15 a caliitieda.

e
tht ety tat s, — —% v — 2, oo — Disaaalnian.

el s — ny = s b W s — Lo
=i +n= | wedinn ko e the: Tiessn x_l\.x'l-\.-.l'.'

(1 o A U ) [T BB T Pt 1) Wl T [T I B P

paslriam (o the: lincar pasiee!
WThenl eeatoie Thed e ol clirdnarsae, s che linca
Bt
2l ar==1lg 5
Wt g= T
= 4
Wik esing Che e ksl ol eliranaiae, sebas sche lingar

S
Lk .
-2y + dn = -1
R (R T 11.
scherp uvaile ol psodhic e = Lov — 2,2 = ¢ imu
sednirinm o the follosing Tinsar sysiem? IF thene i find
il
e — == 1l
i Al g — i
EI0N [T O -

o Lscherenvnbor of ¢ sathmh — 5,0 =2, 0 — l&n

sefil o s e Wodkasing Jingar syetem’ TElens s tind
it

i = 4

E—du- E 5

' fe R g P
Snowd thal the linear svewn: vhuined v intschanging
e spmalicds o2 ia equivaens o2y

. Rnovw dat te finear wespsm obenzed by sdding o -

(b oy cpuaran 2 e DcTer eqoarian o edqiiialeo
[T

. Demcnbe ihe cumber of poings thae simulzansssly e m

el o thes rhee planes aleden dne cash pam o Fpan s 1.2,

. Iremenihe the e o peines thar similsansoesle lz i

Al ol e e planes alesen fooemch pant o7 Fipae: 135,

e T a0 I sredes e pladee Dedsrilae 1he: mim-

baraed paasaible pionls ol inwersectivo of C o O el o
e each case with o fizure.

Lew &) and &; bz spheres 1o spave. Desiribe the numesr
ot possites pomes of crersecion of & aod 5. Dlusnne
each cuss wit a figure.
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FIGURE 1.3

Sl refmery produces 3o sadfun it liigh-sul fur fucl,
Each 1on ol low subfur fuel recuires 5 mindnes in
hleeding plont and 4 mimnesine g rélining ahint; cach
won al heghe sulfur fuel reqaines 4 simnes i the blewling
plant andl T skt i thee sidtning planl 1T ihe bheml-
ing plesd 14 sprilsbile for 3 boars and the relizsg plant
ivpifable For 2 hoars, how many pons of snch fepe af fox
shomld e mimfic e sochat the peints e Tilly sl

A plashos manulactmer makss bwo ppes of plisss, -
o amd spevinl. ol i of gl plisdn: vaopenes 2
Loiiew b pdanl A g 5 o e planl 3 each wmoal ypee

Hal plostie reqeines 2 heiis noplaint & and 3 b 1
stapil B 1T plant & i availahli S hours perday sd plant
B ix madlable 13 hours per coy. how many noes -of eadh
wpe af plastic can be wade dadly so diat e plants ars
[ully used?

A& digfician & proparing o meal consisting of foods A, H,
and T, Eech punce. ol fdad A camtning 2 dinits of -
win, & owmigs of rar, and 4 unis ol ssrbehydraie, Bach
e af foaul Boceesiine 3 pnis of F'l'U'H'L‘IL T umss of
B aml 1 g ol carbobydnse, . Eaoh cunee ot foad O
eariaii= X unife o pradEn, 3 uniis of Tl and 2 anas ol
carhahyedGie. I the meal mrast proside sxacly 35 aoits
af prozein 22 units af G, and 21 units al cadselialone,
v mnaiiy niinees gl cach Bpe of ol should be psed?

Aompanolootoner isakess 2-mimmd, h-avannle, gl b-minaly
Ak developiers. Fadh rned Z-minute developer repumes
o minmes in plees & ol 24 winutes in plant B, Bachfon
b B=puiiing devehoper paquines 12 minules m FLJ_|1|_ Mand
12 ervimartes: i pleee 0. Sisch oz of 8- minnfe developer re-
quings L2 minures i plaor A and 12 mimie o pdam K
IF plare A i weailable L hoors per dey and plaor B i

b

s,

7.

i
a1

eaifable 16 kours por oy how many poes of sack oope
of developer cam e produced 5o that the planrs are tully
used?

Sopposar thal the thowe pomas L1, =55, 4
Lr o the pambody plr] —an! 4 fie -

1, df.ondd 12, 0

tay Delermioe a linse svsiemn of dres syuitinns i
uekoowns thes mesr b selsved 10 Hind o, &, amld &

(bl Salve the lizear sysiem ablened in par {a) for o, b,
e o

Aun b el $24 000 s 80 be divided among jhree
irustz, wiih the secand [mnsl seceiving Ve as ek o
thiz firs weet. The: threi: Bsda pay inenest anseally o
the rates of 0% J07% and &%, respectively, and r=uma
tirtal iy inberest of $2200 m the end G tie Heal e Hin
miuih s divesned inench vl ?

For the saliware wou e usicg, deermins the conmird
thie “ammmaticaly’ salves o linesan ayalem alequpticne

Loz tha woonmiand from Exencise 26 oo solve kxencmes 3
&, anid eomepany dre oo Wi the sz vl ob
{mned by the meckod of slominmion.

Snlae the Binear sasiem

L—!_._l\.-l- :_-: 1
E LR 1o . 1
ST EEhy in
jr=lytle= 2

b sing wour sofwe Campsr o compuled selativn
with The paaclsnlulion s = & v = L 2=
IV vioar sulfware incledes wooess o o comjnies alachia
svwiemd (AS T use il as Falloaws
iy For ihe licear sysiem i Brerose 38 peplane the
fraction 3 wik s deciisal spnales 05 Enkr ihis
susiae mfa vees snfiwems aml use the appoepnae
CAX oot salve (he ayvalem, Compeare the
stalefiom wilh Ut vbiainisd in Exercie 58,
I some OGS Evinediiient® i san w50 the nun-
ber e dlipita e de vmal i e cilculinions. Peform
part il with disl chices o4, amd b e whier
M nes wch s tions Tave oo the comprasd so
ligipom.
IT 2oy sl inclodies arcess o o CAS and vou con
sehkecl the number of digies ssedd in colcelaian, g ahe
fodlmuwengy Enter dae linear avilen

070y + 3] v = k52

02X | RSy — 181
i jhe progrem. Fleve e sufiware sehve the $espem
wtlh digil vhooces 2,3, Toand 12, Brefly Sooiss s
variibae in the solusons genetaiod.

1hi
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